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ABSTRACT 

Trapped modes in a warm plasma slab partially filling a parallel  

plate waveguide are studied. 

term for electrons is used to obtain the field solutions and dispersion 

equations for both a symmetric and antisymmetric longitudinal E 

field. 

slab thickness, and waveguide width is studied. 

A two fluid model with a scalar pressure  

The dependence of the dispersion relations on electron temperature,  

The quasistatic dispersion equation and a dispersion relation 

obtained by a heurist ic argument a r e  compared with the more  rigorous 

dispersion relation and the regions of validity are discussed. Good 

agreement is found between experimental data measured in a cylindrical 

system and the theoretical  resul ts  of the slab geometry. 

the effects of Landau damping and electron-neutral collisional damping 

a r e  considered. 

Finally, 

i 



1 INTRODUCTION 

1.1 STATEMENT OF THE PROBLEM AND RELATED STUDIES 

I n  r e c e n t  y e a r s ,  much i n t e r e s t  has been focused  on t h e  

p ropaga t ion  o f  t r apped  modes i n  homogeneous bounded 

plasmas 

waves whose f i e l d  s o l u t i o n s  a r e  damped e x p o n e n t i a l l y  i n  t h e  

outward d i r e c t i o n  from t h e  plasma boundary. The f i r s t  s i x  

r e f e r e n c e s  c i t e d  above s t u d y  wave p ropaga t ion  i n  c o l d  

plasmas and t h e  remain ing  s i x  c o n s i d e r  p ropaga t ion  i n  warm 

plasmas,  I n c l u d i n g  t h e  e l e c t r o n  t empera tu re  i n  t h e  

development e f f e c t s  t h e  t r apped  wave modes i n  two s i g n i f i -  

c a n t  ways. F i r s t ,  i t  s e r v e s  a s  a mechanism f o r  i s n  body 

waves or what a r e  o f t e n  c a l l e d  Tonks-Dattner resonances  

Second, t h e  e l e c t r o n  body and s u r f a c e  waves have a f i n i t e  

group v e l o c i t y  f o r  l a r g e  wave numbers which a s y m p t o t i c a l l y  

approaches  t h e  e l e c t r o n  the rma l  v e l o c i t y .  

We w i l l  d e f i n e  t r apped  modes t o  be t h o s e  1-12 

11 ,13  

I n  one of t h e  f i r s t  s i g n i f i c a n t  p a p e r s  on wave propa- 
2 g a t i o n  i n  a c o n f i n e d  plasma? T r i v e l p i e c e  and Gould used 

a q u a s i s t a t i c  t rea tment  t o  s t u d y  e l e c t r o n  s u r f a c e  waves i n  

a c o l d  plasma column. Th i s  work was ex tended  by Diament, 

G r a n a t s t e i n ,  and SchPesinger" t o  i n c l u d e  f i n i t e  e l e c t r o n  

t empera tu res ,  T h e i r  a n a l y s i s  employed a f l u i d  e q u a t i o n  

f o r  e l e c t r o n s  and t h e  f u l l  s e t  of  Maxwel lvs  e q u a t i o n s .  

I o n s  were n e g l e c t e d .  

i o n s  v i a  a two f l u i d  model and c o n s i d e r e d  t h e  p ropaga t ion  

of s u r f a c e  waves and body waves i n  a p a r t i a l l y  f i l l e d  

c i r c u l a r  plasma waveguide f o r  f r e q u e n c i e s  below wpio 

Andersson and Weissglas" inc luded  
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I n  t h e  p r e s e n t  work, t h e  f i e l d  e q u a t i o n s  and d i s p e r s i o n  

r e l a t i o n s  a r e  developed f o r  a warm, homogeneous plasma s l a b  

p a r t i a l l y  f i l l i n g  a p a r a l l e l  p l a t e  waveguide,  A p l a n e  

geometry was chosen because  of t h e  s i m p l i f i c a t i o n  i n  t h e  

a n a l y s i s .  I n  t h e  second c h a p t e r ,  t h e  f i e l d  components and 

d i s p e r s i o n  e q u a t i o n s  a r e  o b t a i n e d  f o r  bo th  a symmetric and 

an t i symmet r i c  l o n g i t u d i n a l  E f i e l d  component. Symmetric 

l o n g i t u d i n a l  E f i e l d  s o l u t i o n s  a r e  s i m i l a r  t o  t h e  c i r c u l a r l y  

s y m m e t r i c  c a s e  i n  c y l i n d r i c a l  geometry wh i l e  an t i symmet r i c  

l o n g i t u d i n a l  E f i e l d  s o l u t i o n s  b e a r  s i m i l a r i t y  t o  t h e  

d i p o l e  mode, Eon e f f e c t s  and e l e c t r o n  t empera tu re  e f f e c t s  

are inc luded  i n  t h i s  development.  D i scuss ion  of t h e  

d i s p e r s i o n  e q u a t i o n  i n  t h e  t h i r d  c h a p t e r  is r e s t r i c t e d  t o  

t r apped  modes. The e f f e c t s  of changing  t h e  e l e c t r o n  

t empera tu re ,  t h e  s l a b  w i d t h ,  and t h e  waveguide s i ze  a r e  

s t u d i e d .  F i n a l l y ,  i n  Chapter  4 w e  examine t h e  d i f f e r e n t  

approximat ions  used  t o  s i m p l i f y  t h e  s t u d y  o f  t r apped  mode 

p r o p a g a t i o n ,  En p a r t i c u l a r ,  t h e  h e u r i s t i c  and q u a s i -  

s t a t i c  approximat ions  a r e  d i s c u s s e d  and t h e i r  l i m i t a t i o n s  

de te rmined .  

3_,2 DEFINITION OF SYMBOLS 

The f o l l o w i n g  symbols w i l l  be  used i n  t h i s  pape r :  

one h a l f  t h e  wid th  of t h e  plasma 
s l a b  

one h a l f  t h e  d i s t a n c e  s e p a r a t i n g  
t h e  conduc t ing  p l a t e s  

f r e e  s p a c e  speed  of  l i g h t  
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mass of an i o n  

p e r t u r b e d  e l e c t r o n  d e n s i t y  abou t  no 

p e r t u r b e d  i o n  d e n s i t y  about  no 

unpe r tu rbed  e l e c t r o n  and i o n  
d e n s i t y  

e l e c t r o n  t empera tu re  

i o n  t empera tu re  

e l e c t r o n  thermal  v e l o c i t y  

normal ized  l o n g i t u d i n a l  p r o p a g a t i o n  
c o n s t a n t  

normalized wave f requency  

normal ized  e l e c t r o n  plasma 
f r equency  

l o n g i t u d i n a l  p ropaga t ion  c o n s t a n t  

t r a n s v e r s e  p ropaga t ion  c o n s t a n t  i.n 
t h e  plasma 

t r a n s v e r s e  p r o p a g a t i o n  c o n s t a n t  i n  
t h e  plasma 

t r a n s v e r s e  p ropaga t ion  c o n s t a n t  i n  
t h e  d i e l ec t r i c  
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d i e l e c t r i c  c o n s t a n t  i n  a vacuum 

r e l a t i v e  d i e l e c t r i c  c o n s t a n t  

wavelength  of t h e  wave 

e l e c t r o n  Debye l e n g t h  

i o n  Debye l e n g t h  

f r equency  o f  t h e  wave 

e l e c t r o n  plasma f r equency  

i o n  plasma f r equency  



2 FIELD SOLUTIONS AND DISPERSION EQUATIONS 

2 . 1  DESCRIPTION OF THE MODEL 

The plasma s l a b  a s  drawn i n  F i g .  1 w i l l  be assumed 

i n f i n i t e  i n  t h e  y and z d i r e c t i o n s  and c o n t a i n e d  between 

x i=i - +a by a d i e l e c t r i c  having  a r e l a t i v e  d i e l e c t r i c  

c o n s t a n t  K. The d i e l e c t r i c  is bounded a t  x = - +b by 

p a r a l l e l  p l a t e s  having  an i n f i n i t e  c o n d u c t i v i t y .  We w i l l  

assume t h a t  t h e  plasma is homogeneous and i s o t r o p i c .  The 

e f f e c t s  o f  e l e c t r o n  t empera tu re  a r e  inc luded  by assuming 

a s c a l a r  p r e s s u r e  term p r o p o r t i o n a l  t o  Te i n  t h e  f l u i d  

momentum e q u a t i o n  for electrons.  The i o n  t empera tu re  is 

assumed t o  be much s m a l l e r  t h a n  t h e  e l e c t r o n  t empera tu re  

and t h e r e f  o r e  is n e g l e c t e d  

For mathemat ica l  convenience  w e  w i l l  c o n s i d e r  a 

p ropaga t ing  i n  t h e  i W - B Y  1 monochromatic wave o f  t h e  form e 

y d i r e c t i o n . ,  Because of t h e  geometry,  w e  may assume t h a t  

none of t h e  f i e l d  e x p r e s s i o n s  a r e  dependent  on z .  The 

l i n e a r i z e d  f l u i d  e q u a t i o n s  and MaxwelP*s e q u a t i o n s  

n e c e s s a r y  t o  describe t h e  f i e l d  q u a n t i t i e s  i n s i d e  t h e  

plasma a r e :  

9 i w  * - - i e  - 
e E + n o  0 ne e m u  

v = -  
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- 
V x  E = - iwpo H 

- - 
V x  E = noe(vi - v ) + i o a o E  e 

I n  t h e  d i e l e c t r i c  r e g i o n ,  Eqs. 5 and 8 must be modi f ied  

a s  f o l l o w s :  

* 

V *  E = 0 

- 
V x  E = i w c o K  E 

I n  t h e  above e q u a t i o n s s  q u a n t i t i e s  d e s c r i b i n g  t h e  

e l e c t r o n s  are s u b s c r i p t e d  w i t h  an Peevv and s i m i l a r l y ,  i o n  

q u a n t i t i e s  a r e  s u b s c r i p t e d  w i t h  a n  vvi99; 

t h e  p e r t u r b e d  v a l u e s  f o r  t h e  e l e c t r o n  and i o n  v e l o c i t i e s ,  

r e s p e c t i v e l y ,  and ne and ni a r e  t h e  r e s p e c t i v e  e l e c t r o n  

and i o n  d e n s i t i e s  p e r t u r b e d  abou t  t h e  v a l u e  no? which is 

t h e  unpe r tu rbed  number d e n s i t y  f o r  both i o n s  and e l e c t r o n s .  

- 
v e and Ti a r e  

2-2 DERIVATION OF THE FIELD SOLUTIONS 

L e t  u s  assume a t r a n s v e r s e  magnet ic  mode p ropaga t ing  
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i n  t h e  y d i r e c t i o n .  For  a < x < b ,  t a k i n g  t h e  c u r l  of  

bo th  s i d e s  of Eq .  10  g i v e s  u s :  

v x  v x  E- = v (  vo 2 -  V H = i w e  K 
0 

v x  E 

2 
2 K) HZ = 0 2 '0 - -  

C 

If w e  c o n s i d e r  o n l y  a symmetric e x p r e s s i o n  f o r  E i . e .  

an an t i symmet r i c  e x p r e s s i o n  f o r  t h e  t r a n s v e r s e  B f i e l d ,  

t h e  s o l u t i o n  t o  t h e  above homogeneous wave e q u a t i o n  ~ Q P  

Y S  

HZ is 

HZ = A s i n h  bx -t 

where 6 is d e f i n e d  by 

€3 sgn  x cosh 

t h e  e q u a t i o n  

and sgn  x e q u a l s  p l u s  one when its 

X 

argument is g r e a t e r  t h a n  

z e r o  and minus one when i t s  argument is n e g a t i v e .  

Using Eq.  1 0  a g a i n ,  t h e  remain ing  two f i e l d  

q u a n t i t i e s  f o r  a < x < b may be w r i t t e n  a s  f o l l o w s :  

E = - - - - - - .  i6 (A cosh  6x -k B s g n  x s i n h  6x1 
weOK 
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- - (A  s i n h  6x + B sgnx c o s h  6x1 
OE oK EX 

To o b t a i n  f i e l d  s o l u t i o n s  f o r  t h e  q u a n t i t i e s  i n s i d e  

t h e  plasma (0 < x < a ) ,  a s i m i l a r  procedure  w i l l  be used .  

Taking t h e  c u r l  of Eq. 8 

- 

- 
v x  E 2 -  v x V X H -  -V H -  n e V X ( V  i - v 1 -f i u s o  

0 e 

and making t h e  same assumpt ions  as  mentioned p r e v i o u s l y  

i n  t h i s  s e c t i o n ,  w e  o b t a i n  t h e  f o l l o w i n g  d i f f e r e n t i a l  

e q u a t i o n  f o r  H Z :  

2 2 
a HZ 2 W E  _z_ - (f3 - 7 ) H Z  =: 0 
ax C 

where E is d e f i n e d  by t h e  e q u a t i o n  

2 2 w P; - UP; E = l -  
0 w 

The s o l u t i o n  t h a t  s a t i s f i e s  t h i s  d i f f e r e n t i q l  e q u a t i o n  

fo r  HZ Is 

H, = C s i n h  y x 1 

where 
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Equation 8 is used to obtain E e Using Eqs. 1-5, 
Y 

the quantities vi and ve 
ynknown quantity zo 

can be written in terms of the 

The solutions are: 

- 
E - ie v = -  

m e w  i 
1 

2 - w 
2 iW E 

( %, -1) v ( V ”  E) 0 - 
E +  I_s ie v =  e m o  n eo w e 0 

Substituting these expressions into the y component 

of Eq.  8 gives us 

where E is defined by 
4- 

Using Eq. 7 to obtain - a ( V ”  E> and substituting the 

expression for HZ from Eq. 11 we get the following 

equation for E : 

BY 

Y 
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The s o l u t i o n  t o  

i Y  1 - - 
EY WE oE 

t h i s  d i f f e r e n t i a l  e q u a t i o n  is 

C cosh  ylx + i D  cosh y2x 

where 

By a s i m i l a r  method, w e  o b t a i n  t h e  f o l l o w i n g  s o l u t i o n  

f o r  Ex: 

= - C s i n h  YIX - - y2 D s i n h  y2x 
O E  o€ P Ex 

We have o b t a i n e d  o u r  f u l l  s e t  of  T M mode f i e l d  

s o l u t i o n s  f o r  a t r a v e l i n g  wave having  a symmetric e l ec t r i c  

f i e l d  component i n  t h e  d i r e c t i o n  of  p ropaga t ion .  By u s i n g  

t h e  same p rocedure ,  it is a l s o  p o s s i b l e  t o  g e t  a s e t  of 

s o l u t i o n s  i n s i d e  t h e  plasma and t h e  d i e l e c t r i c  f o r  a 

t r a v e l i n g  wave hav ing  an  an t i symmetr ic  l o n g i t u d i n a l  

e lec t r ic  f i e l d  component. A summary of t h e  s o l u t i o n s  a r e  

p r e s e n t e d  below: 

2 . 2 . 1  F i e l d  S o l u t i o n s  f o r  a Symmetric L o n g i t u d i n a l  
- 
E F i e l d  

1.) I n s i d e  t h e  plasma (0 < - x < a )  



- 1 2  - 

i (ut-py)  C c o s h  ylx + D cosh  y x ) e  y1 
2 E = i ( -  

W E  E Y 
(13) 0 

i (ut-py 1 

(14) 

D s i n h  y2x)e  y 2  = - (p C s i n h  y x + - 
P 1 we oE 

EX 

2 . )  I n s i d e  t h e  d i e l e c t r i c  (a < x < b) 

(15) Hz = (A s i n h  6x + B s g n x  cosh  6 x ) e  i W - p Y  1 

i (Cdt-py) E =  i b  (A cosh  6x + B s g n x  s i n h  6 x ) e  
w e O K  

i (wt-py) Ex - - - ( l a  s i n h  6x + B s g n x  cosh  6 x ) e  
W E  

2 . 2 . 2  F i e l d  S o l u t i o n s  f o r  an  A n t i s y m m e t r i c  Langi- 

t u d i n a l  E F i e l d  

1 . )  I n s i d e  t h e  plasma (0 < - x < a )  

y1 C" s i n h  Y1x + D '  s i n h  y x ) e  b t - p y )  
2 

Ey = i (  
we E 
0 

(19) 

i (wt-py) D '  c o s h  y2x)e  y 2  = -  (-p C' cosh  y x + - 
EX WE E 1 P 

0 
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2 . )  I n s i d e  t h e  d i e l e c t r i c  (a  < x < b) 

i (u t -p)  H, = (A'  cosh  bx + B P  sgnx s i n h  bx)e  

== i6 ( A '  s i n h  6x + B' sgnx cosh  6x )e  i (wt -py)  
weOK 

= - ( A P  cosh  bx + B q  sgnx s i n h  6x )e  i ( o t - p y >  
OE 

EX 

2.3 DERIVATION OF THE DISPERSION EQUATIONS 

I n  o r d e r  t o  de t e rmine  a d i s p e r s i o n  r e l a t i o n  f o r  e i t h e r  

o f  t h e  p r e v i o u s l y  mentioned cases, w e  impose t h e  f o l l o w i n g  

boundary c o n d i t i o n s :  

Ey Ix=b = O  

The f i r s t  three of these c o n d i t i o n s  a r e  o b t a i n a b l e  from 

Maxwell 's  e q u a t i o n s .  

assumption i n  order t o  c l o s e  t h e  se t  of e q u a t i o n s .  I n  

The f o u r t h  c o n d i t i o n  is a n e c e s s a r y  
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w r i t i n g  t h i s  e q u a t i o n ,  w e  a r e  assuming t h a t  t h e  plasma- 

d i e l e c t r i c  i n t e r f a c e  a c t s  a s  a r e f l e c t o r  t o  e l e c t r o n s  

having  a component o f  v e l o c i t y  i n  t h e  x d i r e c t i o n .  

Applying t h e s e  boundary c o n d i t i o n s  g i v e s  u s  t h e  f o l l o w i n g  

d i s p e r s i o n  e q u a t i o n s :  

Y For symmetric E 

(28) 
Y 

For  an t i symmet r i c  E 

(29) 
I n  o r d e r  t o  s i m p l i f y  g raph ing  t h e  above d i s p e r s i o n  

e q u a t i o n s ,  w e  w i l l  u s e  t h e  pa rame te r s  Y = w/w and 

X = c p / w  e S i n c e  w << w , t h e  d i s p e r s i o n  

e q u a t i o n s  i n  terms of X and Y may be w r i t t e n  a s  f o l l o w s :  

Pe 

Pe P i  Pe 

Y 
1 , )  For  symmetric E 

b 2 2 9 -  2 2' 2 2 4  2 2 9  (x -' ) t a n h  a(-g -1) (X -Y ) - (X +1-Y l 2  cother(X +l-Y ) 
K 
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Y 2.) For antisymmetric E 

b 2 2 s  2 2 %  2 2 9  (x -' tanh a ( ;  -1) (X2-Y2>* = (X +1-Y j 2  tanh a(X +1-Y ) -- K 



3 DISCUSSION OF THE DISPERSION EQUATIONS 

3 . 1  GENERAL DISCUSSION 

A s  w a s  mentioned i n  t h e  i n t r o d u c t i o n ,  o n l y  t r apped  

modes w i l l  be c o n s i d e r e d  i n  t h i s  pape r .  Trapped modes may 

be c l a s s i f i e d  e i t h e r  a s  body waves or s u r f a c e  waves. The 

ampl i tudes  of  b o t h  of t h e s e  waves decay e x p o n e n t i a l l y  a s  

one goes o u t  normal ly  from t h e  p l a s m a - d i e l e c t r i c  i n t e r f a c e .  

T h e i r  behav io r  i n s i d e  t h e  plasma,  however, does  d i f f e r  i n  

t h a t  a body wave h a s  an o s c i l l a t o r y  s o l u t i o n  w h i l e  a 

s u r f a c e  wave h a s  a damped s o l u t i o n  a s  one t r a v e l s  i n t o  t h e  

c e n t e r  from t h e  plasma boundary. I f  w e  now look a t  o u r  

f i e l d  s o l u t i o n s  g iven  by Eqs. 12  through 23, what w e  have 

j u s t  s a i d  is t h a t  6 must be r e a l  and y1 and y2 can  be 

e i t h e r  r e a l  o r  imaginary .  I f  6 is t o  be r e a l ,  t h e n  6 

w r i t t e n  i n  terms of t h e  new pa rame te r s  X and Y g i v e s  u s  

which shows u s  t h a t  X must be g r e a t e r  than*. 

remainder  of t h e  d i s c u s s i o n ,  we w i l l  assume t h a t  K = 1 and 

t h u s  o n l y  t h e  r e g i o n  t o  t h e  r i g h t  o f  t h e  l i g h t  l i n e  is of 

i n t e r e s t  t o  u s  i n  o u r  a n a l y s i s .  S i n c e  6 must be r e a l  f o r  

t r apped  modes t o  o c c u r ,  w e  may conclude  from t h e  f o l l o w i n g  

i n e q u a l i t y  t h a t  y1 must a l s o  be r ea l :  

For t h e  

2 
E > 6 2 >  0 Y 1  = p  -2 2 2 c s  

C 
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Thus, s u r f a c e  waves a r e  those waves hav ing  y and y 2  r e a l .  1 
S o l u t i o n s  f o r  which y1 is r e a l  and y2 is imaginary 

e x h i b i t  b o t h  damped and o s c i l l a t o r y  b e h a v i o r .  For s h o r t e r  

wavelengths ,  however, t h e  o s c i l l a t o r y  behav io r  t e n d s  t o  

dominate  s o  these s o l u t i o n s  w i l l  be r e f e r r e d  t o  a s  body 

wave s o l u t i o n s . .  Looking a t  F i g ,  2,  t h e  t r apped  mode r e g i o n  

l i e s  t o  t h e  r i g h t  of t h e  l i g h t  l i n e  and t h e  o s c i l l a t o r y  o r  

waveguide modes occur  i n  t h e  a r e a  t o  t h e  l e f t  of t h e  

l i g h t  l i n e .  Those  s e c t i o n s  i n  which y is imaginary ,  1.e. 

p o s s i b l e  body wave r e g i o n s ,  have been d i s t i n g u i s h e d  from 

p o s s i b l e  a r e a s  i n  which s u r f a c e  wave s o l u t i o n s  may occur .  

A t  ve ry  l o w  f r e q u e n c i e s ,  t h e  slope of t h e  l i n e  s e p a r a t i n g  

t h e  i o n  body and s u r f a c e  wave r e g i o n s  is e q u a l  t o  t h e  Parge 

wavelength l i m i t  of t h e  i o n  a c o u s t i c  wave phase v e l o c i t y .  

Thus,  t h i s  l i n e  is c a l l e d  the  i o n  a c o u s t i c  P ine .  The P i n e  

s e p a r a t i n g  t h e  e l e c t r o n  body and s u r f a c e  waves a t  ve ry  

h igh  f r e q u e n c i e s  is c a l l e d  t h e  e l e c t r o n  thermal  Tine. 

2 

If' one examines e i t h e r  of t h e  two d i s p e r s i o n  

e q u a t i o n s  (Eqs .  28-29), i t  is r e a d i l y  n o t i c e d  t h a t  t h e y  

are dependent  on f i v e  d i f f e r e n t  pa rame te r s :  

1 , )  

2 , )  K--the r e l a t i v e  d i e l e c t r i c  c o n s t a n t  

3 . )  a--the normal ized  e l e c t r o n  plasma f requency  

4,  ) b/a--the r a t i o  of t h e  d i s t a n c e  between t h e  conduc t ing  

mi/me-- the i o n  t o  e l e c t r o n  mass r a t i o  

p l a t e s  t o  t h e  plasma s l a b  w i d t h  
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5.) c/W--the r a t i o  of  t h e  f r e e  space  speed  of l i g h t  t o  t h e  

e l e c t r o n  the rma l  v e l o c i t y .  

For  pu rposes  of  numer ica l  c a l c u l a t i o n ,  i t  is assumed 
5 t h a t  mi/me = 10 

Both t he  symmetric and an t i symmet r i c  d i s p e r s i o n  e q u a t i o n s  

a r e  s t u d i e d  f o r  d i f f e r e n t  v a l u e s  of  t h e  remain ing  three 

pa rame te r s  a, c/W, and b/a.  I n  p a r t i c u l a r ,  t h e  f o l l o w i n g  

c a s e s  w i l l  be c o n s i d e r e d  i n  t h i s  paper :  

and K = 1 u n l e s s  otherwise s p e c i f i e d .  

1. ) For s y m m e t r i c  E 
Y 

2 

2 

2 

Case I -- a = 0.1 ,  c/W = 10 , b/a = 2 

Case I1 -- a = 0.1 ,  c / W  = 10 , b/a = 1 

Case I11 -- a = 0.1 ,  c/W = 10 , b/a -00 

Case I V  a = 0 . 1 ,  c/W = lo3, b/a = 2 

Case V -- 01 = 1 . 5 ,  c/W = 4 . 2 ~ 1 0  , b/a-.co, 

-- 
2 

5 mi/me = 3 . 6 6 ~ 1 0  

2 . )  For an t i symmet r i c  Ev 
J 

2 Case V I  -- Q1 = 0.1,  c/W = 10 , b/a =i 2 
2 

2 

3 

2 

Case V I 1  -- CY,,= 0.1 ,  c/W = lo,, b/a = 1 

Case V I I I - -  01 = 0 . 1 ,  c/W = 10 , b/a -00 

Case I X  -- a = 0 . 1 ,  c/W = 10 , b/a =i 2 

Case X -- 01 = 1.0 ,  c/W = 10  , b/a -co 

I t  shou ld  be no ted  t h a t  t h e  v a l u e s  used i n  Case I a r e  

t h e  same as  t h o s e  used by Andersson and Weissglas’O i n  

which s i m i l a r  work was done i n  t h e  l o w  f requency  range  for 

a plasma c y l i n d e r .  I n  a n a l y z i n g  our d i s p e r s i o n  e q u a t i o n s ,  

w e  w i l l  ex t end  t h e i r  work i n  three ways. F i r s t ,  w e  w i l l  

s t u d y  and compare t h e  d i s p e r s i o n  r e l a t i o n s  for b o t h  
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s y m m e t r i c  and an t i symmet r i c  l o n g i t u d i n a l  E f i e l d s .  A l so ,  

w e  w i l l  c o n s i d e r  t h e  effects  of changing  t h e  plasma w i d t h  

and t h e  d i s t a n c e  s e p a r a t i n g  t h e  conduc t ing  p l a t e s ,  And 

f i n a l l y ,  w e  w i l l  s t u d y  e l e c t r o n  body and s u r f a c e  waves a s  

w e l l  a s  t r a p p e d  i o n  modes. 

By l e t t i n g  b/a go t o  one a s  i n  Case I1 and t o  i n f i n i t y  

a s  i n  Case 111, w e  can see how moving t h e  conduc t ing  p l a t e s  

i n f l u e n c e s  t h e  behav io r  of o u r  d i s p e r s i o n  c u r v e s .  Case I V  

is i n c l u d e d  t o  show t h e  changes r e s u l t i n g  from d e c r e a s i n g  

t h e  e l e c t r o n  t empera tu re .  Case V a l l o w s  u s  t o  compare o u r  

t h e o r e t i c a l  r e s u l t s  w i t h  t h e  e x p e r i m e n t a l  d a t a  of  L i t t l e  

and Jones a I n  Cases V I  th rough I X ,  w e  w i l l  be l o o k i n g  

f o r  d i f f e r e n c e s  between t h e  an t i symmet r i c  d i s p e r s i o n  

e q u a t i o n s  and t h e i r  r e s p e c t i v e  symmetric c o u n t e r p a r t s .  

Case X is of  i n t e r e s t  s i n c e  i t  w i l l  e n a b l e  u s  t o  see what 

e f fec ts  khanging t h e  plasma w i d t h  has  on t h e  t r apped  modes. 

9 

When w e  a p p l y  t h e  above c a s e s  t o  p h y s i c a l  s i t u a t i o n s ,  

w e  see t h a t  changing  t h e  d i s t a n c e  between t h e  conduc t ing  

p l a t e s  g i v e s  us :  

l o )  f o r  b/a--coo, a plasma s l a b  c o n f i n e d  by  a d i e l e c t r i c  9 

which  may s e r v e  a s  a model f o r  t h e  ionosphe re  o r  f o r  

a plasma d i s c h a r g e  i n  f r e e  s p a c e  

f o r  b/a = 1, a 

3.) f o r  b/a = 2,  a 

g u i d e  e 

14  

I2 p l a s m a - f i l l e d  p a r a l l e l  p l a t e  waveguide 

p a r t i a l l y - f i l l e d ,  p a r a l l e l  p l a t e  wave- 
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3.2 THE SYMMETRIC DISPERSION EQUATION 

L e t  u s  c o n s i d e r  Case I i n  d e t a i l .  Looking a t  F i g ,  3, 

w e  n o t i c e  t h a t  a s u r f a c e  wave e x i s t s  i n  t h e  f requency  

r a n g e s  w w /fl and w > w w h i l e  body waves are 

s u p p o r t e d  by t h e  plasma s l a b  f o r  f r e q u e n c i e s  below w 

and above w . The i o n  and e l e c t r o n  body waves are 

P i  P i  

P i  

Pe 
l a b e l e d  i n  such  a way t h a t  t h e  number a s s o c i a t e d  w i t h  e a c h  

of them is e q u a l  t o  t h e  number of h a l f  wavelengths  between 

x = -a and x = +a .  

Only the  lowes t  harmonic body wave e x i s t s  f o r  

f r e q u e n c i e s  much below wpi. The low f r equency  l i n e a r  

approximat ion  f o r  t h i s  wave is 

y = a ! ( - -  1 )  x = 0 . 1 x  a 

For  s h o r t e r  wave leng ths ,  a l l  of tiAe i o n  body waves 

a s y m p t o t i c a l l y  approach  t h e  i o n  plasma f requency .  The 

i o n  s u r f a c e  wave has  t h e  low f requency  r e p r e s e n t a t i o n  

(Appendix A )  : 

F o r  l a r g e  v a l u e s  of p, t h e  f r equency  of t h i s  s u r f a c e  wave 

approaches  w /m T h i s  is ana logous  t o  t h e  e l e c t r o n  

s u r f a c e  wave i n  a cold p l a s m a - f i l l e d  waveguide ( T r i v e l -  

p i e c e  and Could >. 

P i  

2 
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For wave numbers n e a r  t h e  l i g h t  l i n e ,  a l l  of t h e  i o n  

body waves e x c e p t  f o r  t h e  lowest order one a r e  s h i f t e d  

v e r t i c a l l y .  T h i s  r e g i o n  w i l l  be referred t o  a s  t h e  

t r a n s i t i o n  r e g i o n .  To t h e  r i g h t  of t h e  t r a n s i t i o n  r e g i o n ,  

t h e  o s c i l l a t o r y  body wave behav io r  dominates .  The i o n  

body waves a r e  labeled f o r  t h i s  r e g i o n .  To the  l e f t  of 

t h e  t r a n s i t i o n  r e g i o n ,  w e  have a s u p e r p o s i t i o n  of body and 

s u r f a c e  waves and n e i t h e r  wave dominates .  T h i s  behav io r  

is i n d i c a t e d  f o r  E i n  F igs .  4 and 5. A s  w e  i n c r e a s e  X 

and go through the  t r a n s i t i o n  r e g i o n , t h e  imaginary propa- 
Y 

g a t i o n  c o n s t a n t  y 2  becomes l a r g e r .  Indeed ,  t h e  lowest 

o r d e r  body wave e x i s t i n g  t o  t h e  l e f t  of t h e  t r a n s i t i o n  

r e g i o n  ( I B 3 )  d i s p l a y s  t h e  same o s c i l l a t o r y  behav io r  i n  

t h i s  r e g i o n  as  does  t h e  lowest o r d e r  i o n  body wave ( I B 1 )  

t h a t  l ies  t o  t h e  r i g h t  of t h e  t r a n s i t i o n  r e g i o n .  T h i s  

i n d i c a t e s  a r a t h e r  s t r o n g  c o u p l i n g  of t h e  body wave 

s o l u t i o n s  i n  t h e  t r a n s i t i o n  r e g i o n .  I t  shou ld  be noted  

t h a t  t h e  t r a n s i t i o n  r e g i o n  o c c u r s  a l o n g  t h e  l i n e  g iven  

b y  Eq. 32. The p resence  of  t h e  parameter  b/a i n d i c a t e s  

t h a t  t h e  c o u p l i n g  depends on t h e  l o c a t i o n  of t h e  conduc t ing  

boundary. 

For f r e q u e n c i e s  between t h e  i o n  and e l e c t r o n  plasma 

f r e q u e n c i e s ,  o n l y  an  e l e c t r o n  s u r f a c e  wave is found t o  

e x i s t .  When m < < w 

same s l o p e  a s  t h e  lowes t  order i o n  body wave has  when 

t h i s  s u r f a c e  wave s o l u t i o n  has  t h e  
Pe ' 

0 < < Lopi' 
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----- Ey, ( SURFACE WAVE COMPONENT ) 

--- Ey2 ( BODY WAVE COMPONENT) 

EY E Y  =EYl+EY2 
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X=IO-~  IN FIGURE 3 

(NORMALIZED FOR E y  max, = I) 

FIGURE 4 
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The f i r s t  three body wave modes have been drawn f o r  

For  o > o and l a r g e  v a l u e s  of  X ,  
Pe * Pe 

f r e q u e n c i e s  above o 

t h e  d i s p e r s i o n  r e l a t i o n  can  be s i m p l i f i e d  t o  t h e  l i n e a r  

e q u a t i o n  (Appendix C ) :  

-2 p = - -  x = 1 0  x 
C 

Thus t h e  group and phase v e l o c i t i e s  i n  t h i s  r e g i o n  approach  

t h e  e l e c t r o n  the rma l  v e l o c i t y .  

3 , 3  THE ANTISYMMETRIC DISPERSION EQUATION 

For  an t i symmet r i c  E Case V I  (F ig .  6 )  is comparable 
Y 9  

t o  Case I ,  The most s i g n i f i c a n t  d i f f e r e n c e  between t h e  

an t i symmet r i c  and s y m m e t r i c  d i s p e r s i o n  e q u a t i o n s  is s e e n  

t o  be t h e  absence  of a v e r y  l o w  f requency  (a < < w 1 i o n  

s u r f a c e  wave. When p is s m a l l ,  t h e  lowes t  o r d e r  s o l u t i o n  

is t o  t h e  l e f t  of t h e  i o n  a c o u s t i c  l i n e  and is a body 

wave. For  l a r g e  p, t h i s  cu rve  crosses t h e  i o n  a c o u s t i c  

P i  

P i n e  and becomes a s u r f a c e  wave which a s y m p t o t i c a l l y  

approaches  w 1-12. 
P i  

t h e  e l e c t r o n  s u r f a c e  wave f o r  
Pe 

F o r o  < < @ < < a  
P i  

t h e  an t i symmet r i c  c a s e  is found t o  be  s h i f t e d  more t o  t h e  

l e f t  t h a n  f o r  t h e  symmetric c a s e .  I t  shou ld  be noted  t h a t  

t h i s  is t r u e  f o r  a l l  c a s e s  e x c e p t  b/a-+cx, (For  t h a t  s p e c i a l  

c a s e ,  t h e  s u r f a c e  wave s o l u t i o n  c o i n c i d e s  w i t h ’ t h e  

d i e l e c t r i c  l i g h t  l i n e ) .  We t h e r e f o r e  may conclude  t h a t  t h e  

group and phase v e l o c i t i e s  f o r  t h e  s u r f a c e  waves g iven  by 
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t h e  an t i symmet r i c  c a s e s  a r e  g r e a t e r  t han  or e q u a l  t o  t h e i r  

r e s p e c t i v e  s y m m e t r i c  c o u n t e r p a r t s .  

For  w > w and l a r g e  v a l u e s  of p 9  t h e  s u r f a c e  wave 

and body wave s o l u t i o n s  f o r  t h e  an t i symmet r i c  c a s e s  a l s o  

approach t h e  e l e c t r o n  the rma l  l i n e .  

Pe 

3 . 4  EFFECTS OF THE CONDUCTING PLATES 

S e t t i n g  b/a = 1 for an t i symmet r i c  E (F ig .  7)  r e s u l t s  
Y 

i n  a low f r equency  c u t o f f  below which no i o n  body or 

s u r f a c e  waves can  p ropaga te .  S i m i l a r l y ,  i t  is found t h a t  

IIQ i on  s u r f a c e  wave e x i s t s  f o r  s y m m e t r i c  E (F ig .  8) when 

b/a = P. For  w < < wpi,  i n c r e a s i n g  t h e  d i s t a n c e  between 

t h e  conduc t ing  p l a t e  and t h e  p l a s m a - d i e l e c t r i c  i n t e r f a c e  

Y 

c a u s e s  t h e  lowes t  o r d e r  body wave s o l u t i o n  t o  s h i f t  t o  t h e  

l e f t  u n t i l  a t  b/a--coo9 i t  c o i n c i d e s  w i t h  t h e  l i g h t  l i n e  

(Figs, 3 , 6 , 9 , 1 0 ) .  The ve ry  low f r equency  i o n  s u r f a c e  

wave is n o t  n o t i c e a b l y  a f f e c t e d  by changing  b/a a s  l ong  

a s  b/a > 1. 

i t  has  been p i  ’ For s m a l l e r  v a l u e s  of X and w n e a r  w 

mentioned t h a t  t h e r e  is a t r a n s i t i o n  r e g i o n  i n  which  t h e r e  

appea r s  a c o u p l i n g  between t h e  d i f f e r e n t  body wave 

harmonics I f  w e  compare Cases I - I11 or V I  - V I I I ,  w e  

see t h a t  d e c r e a s i n g  b/a weakens t h i s  c o u p l i n g  and s h i f t s  

t h e  t r a n s i t i o n  r e g i o n  more t o  t h e  r i g h t .  

10  

t h e  e l e c t r o n  s u r f a c e  wave, l i k e  t h e  

lowest o r d e r  i o n  body wave f o r  w < < wpi,  is s h i f t e d  t o  

t h e  l e f t  when b/a is i n c r e a s e d .  W e  t h e r e f o r e  may 

Pe ’ For w < < w 
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conclude  t h a t  i n c r e a s i n g  b/a i n c r e a s e s  t h e  phase and group 

v e l o c i t i e s  of t h i s  s u r f a c e  wave. When w > > w 

b/a has  n e g l i g i b l e  e f f e c t  on t h e  body and s u r f a c e  waves. 
P e 9  changing 

3.5 TEMPERATURE EFFECTS 

S i n c e  t h e  approximate l o w  f r equency  i o n  s u r f a c e  wave 

s o l u t i o n  f o r  s y m m e t r i c  E is p r o p o r t i o n a l  

t he rma l  v e l o c i t y  (Appendix A) d e c r e a s i n g  

a s  i n  Case I V  (F ig .  11) c a u s e s  a s h i f t  t o  

s u r f a c e  wave c u r v e .  The lowes t  o r d e r  i o n  

Y 
t o  t h e  e l e c t r o n  

t h i s  parameter  

t h e  r i g h t  i n  t h e  

body wave f o r  

ve ry  s m a l l  wave numbers is n o t  a f f e c t e d  by changing  Te 

(F igs .  1 1 , 1 2 )  The h i g h e r  order body wave harmonics a r e  

found t o  be more s p r e a d  o u t  and o c c u r  a t  P o w e r  f r e q u e n c i e s  

when t h e  e l e c t r o n  t empera tu re  is dec reased .  I n  c o n t r a s t ,  

i t  is n o t i c e d  t h a t  t h e  e l e c t r o n  body waves a r e  bunched 

t o g e t h e r  so  a s  t o  form what might be c o n s i d e r e d  a continuum. 

For  l a r g e  wave numbers, t h e  e l e c t r o n  body and s u r f a c e  

waves a s y m p t o t i c a l l y  approach t h e  e lectron the rma l  l i n e  

which is s h i f t e d  t o  t h e  r i g h t  when Te d e c r e a s e s .  

3.6 INFLUENCE OF THE PLASMA WIDTH 

I n c r e a s i n g  t h e  wid th  of t h e  plasma s l a b  (Case X-- 

F i g .  1 3 )  r e s u l t s  i n  phenomena s i m i l a r  t o  those t h a t  were 

n o t i c e d  when T was made smaller. The h i g h e r  o r d e r  ion  

body waves n e a r  t h e  l i g h t  l i n e  a r e  more s p r e a d  o u t  and 

occur  a t  lower f r e q u e n c i e s .  The e l e c t r o n  body waves a r e  

The most n o t i c e a b l e  change is i n  t h e  
Pe 

bunched about  w 

e l e c t r o n  s u r f a c e  wave f o r  w < w 

e 

A backward s u r f a c e  
Pe e 
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wave was found to  ex is t  when 01 = 0 .1 .  By i n c r e a s i n g  the  

plasma width,  w e  now have a forward wave., This  

phenomenon was prev ious ly  observed by Diament , 
Granatste in ,  and Schles inger”  for d i p o l e  modes. No 

analogous behavior occurs for the  symmetric c a s e .  



4 APPROXIMATIONS 

There are  c e r t a i n  approximat ions  t h a t  a r e  sometimes 

used t o  s i m p l i f y  t h e  a n a l y s i s  of  t h e  d i s p e r s i o n  e q u a t i o n .  

Two of t h e s e  which a r e  a p p r o p r i a t e  i n  s t u d y i n g  t r apped  

mode p ropaga t ion  a r e  t h e  q u a s i s t a t i c  approximat ion  

(TrPvePpiece and Gould , Crawford and T a t a r o n i s  

O'Brien'') and t h e  h e u r i s t i c  approximat ion  ( L i t t l e  and 

Jones' Andersson and WeissgPas ) e 

2 1 4  

1 0  

The q u a s i s t a t i c  approximat ion  is o b t a i n e d  by l e t t i n g  

c-OB i n  6 and y1 so  t h a t  6 and Y1 - p. 

Appendix D ,  t h i s  is e q u i v a l e n t  t o  t a k i n g  

A s  shown i n  

v x  E =  0 

a t  t h e  beg inn ing  of t h e  a n a l y s i s .  The r e s u l t i n g  symmetric 

d i s p e r s i o n  r e l a t i o n  is 

2 
U P  

c o t h  y a (33) e 
2 - t a n h  p(a-b)  = c o t h  pa - 

K ?2€+ 

o r ,  w r i t t e n  i n  t e r m s  o f  X and Y(w << w 1, 
P i  Pe 

b t anh  'Y(Z -1) X = c o t h  aX - 
K 
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X 
m 

(34) 

T h i s  approximat ion  is v a l i d  i n  t h e  r e g i o n  f o r  which 6 E p 

i . e .  X >> Y. For Cases  I or I1 (F igs .  3 and 8 ) ,  t h e  

s i g n i f i c a n t  p o r t i o n  of  t h e  body wave and s u r f a c e  wave c u r v e s  

l i e s  t o  t h e  r i g h t  of t h e  l i g h t  l i n e  where X >> Y and t h u s  

o u r  r e s u l t s  a r e  i n  v e r y  good agreement w i t h  t h e  r i g o r o u s  

r e s u l t s .  The re  is even good agreement n e a r  t h e  l i g h t  l i n e  

s i n c e  t h e  second t e r m  on t h e  r i g h t  hand s i d e  o f  t h e  d i s p e r -  

s i o n  e q u a t i o n  dominates  and t h i s  term has been u n a l t e r e d  by 

t h e  approximat ion .  For Case 111 i n  which b/a - 0 0  (F ig .  9), 

t h e  q u a s i s t a t i c  approximat ion  b r e a k s  down n e a r  t h e  l i g h t  

l i n e .  I t  no l o n g e r  g i v e s  u s  an  i o n  body wave going  i n t o  

t h e  o r i g i n  a l o n g  t h e  l i g h t  l i n e ,  b u t  i n s t e a d ,  i t  goes  i n t o  

t h e  o r i g i n  t o  t h e  l e f t  of  t h e  l i g h t  l i n e  a s  

T h i s  behav io r  a l s o  o c c u r s  f o r  t h e  e l e c t r o n  s u r f a c e  wave i n  

t h e  midfrequency r e g i o n  (w << w << w ) .  I t  shou ld  be 

noted  t h a t  f o r  c o n f i n e d  plasmas having  smaller  w i d t h s ,  

t h e  d i f f e r e n c e s  between t h e  q u a s i s t a t i c  and r i g o r o u s  

r e s u l t s  a r e  much s m a l l e r  t h a n  those p r e d i c t e d  by Diament 

P i  Pe 
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e t .  f o r  a plasma column whose wid th  was assumed - -  
l a r g e ,  

t h e  d i f f e r e n c e s  were found t o  be n e g l i g i b l e .  

A s  a m a t t e r  of  f a c t ,  f o r  b/a < - 2 and a = 0 . 1 ,  

We f o r m u l a t e  t h e  h e u r i s t i c  approximat ion  by knowledge 

of  t h e  behav io r  of  t h e  f i e l d  s o l u t i o n s .  I t  w i l l  be shown 

t h a t  t h i s  approximat ion  p r e d i c t s  t h e  i o n  body waves f a i r l y  

a c c u r a t e l y .  We beg in  by u s i n g  t h e  d i s p e r s i o n  r e l a t i o n  f o r  

i o n  waves i n  an i n f i n i t e  medium 

2 where k is t h e  s q u a r e  of  t h e  wave number and X is t h e  

eslectron Debye l e n g t h .  For  o u r  p a r t i c u l a r  problem, w e  

s e p a r a t e  k i n t o  b o t h  t r a n s v e r s e  and l o n g i t u d i n a l  components 

which a r e  e x p r e s s e d  by t h e  e q u a t i o n  

D e  

k 2 = k  2 + k L = p  2 2 + (r 2n )2  I I  

For b/a > 1, examina t ion  of  t h e  f i e l d  s o l u t i o n s  (F igs .  4 , 5 )  

g i v e s  u s  

x = -  4a ; n = 1 , 2 , 3 * * .  
n 

where  n is t h e  number of h a l f  wavelengths  t h a t  e x i s t  i n  

t h e  x d i r e c t i o n  i n s i d e  t h e  plasma s l a b .  Even i n t e g e r s  of n 

r e p r e s e n t  wavelengths  f o r  s y m m e t r i c  E and odd i n t e g e r s  of  
Y 
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2 n g i v e  h f o r  an t i symmet r i c  E Replac ing  k by o u r  

h e u r i s t i c  approximat ion ,  t h e  i o n  body wave e q u a t i o n  is  
Y 

2 

P i  

w 
2 

w 
; n = 1 9 3 ,  ... f o r  

2 , 4  , . . . f o r  

a n t i s y m m e t r i c E  

symmetric E 
Y 

Y 

(353 

o r  i n  t e r m s  o f  X and Y, 

; n = 1 9 3 , 0  . f o r  an t i symmet r i c  E 
Y 

Y 
2 , 4 ,  ,, . f o r  symmetric E 

Using t h e  v a l u e s  g iven  i n  Case 111, a B r i l l o u i n  diagram 

of t h e  above e q u a t i o n  f o r  symmetric E is  drawn i n  F i g ,  14 .  
Y 

There are  some s i g n i f i c a n t  d i f f e r e n c e s  between t h e  r e s u l t s  

shown i n  F i g ,  1 4  and t h o s e  o b t a i n e d  from t h e  f u l l  s e t  o f  

e q u a t i o n s  (F ig .  9 ) .  F i r s t ,  t h e  c o u p l i n g  phenomena o f  t h e  

d i f f e r e n t  i o n  body waves is n o t  found u s i n g  the  h e u r i s t i c  

model. Also ,  w e  do n o t  o b t a i n  t h e  lowes t  o r d e r  i o n  body 

wave go ing  i n t o  t h e  o r i g i n  f o r  v e r y  s m a l l  wave numbers. 

F i n a l l y ,  i f  w e  examine t h e  z e r o t h  o r d e r  h e u r i s t i c  s o l u t i o n ,  

w e  f i n d  t h a t  i t  c o r r e c t l y  d e s c r i b e s  t h e  l o w  f r equency  i o n  

s u r f a c e  wave b u t  a t  l a r g e  wave numbers, i t  approaches  

w r a t h e r  t han  w /-f% 
P i  P i  

Exper imenta l  r e s u l t s  on low f r equency  waves have been  

o b t a i n e d  f o r  a c y l i n d r i c a l  plasma column by L i t t l e  and  

Jones  ., Although t h e i r  geometry w a s  c y l i n d r i c a l ,  t h e  
9 
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agreement between t h e i r  expe r imen ta l  d a t a  w i t h o u t  a 

magnet ic  f i e l d  and our t h e o r e t i c a l  v a l u e s  is s e e n  i n  F i g .  15 

t o  be v e r y  good. I t  would appea r  t h a t  L i t t l e  and Jones  

were measuring t h e  i o n  s u r f a c e  wave a s  w e l l  a s  t h e  lowes t  

order body wave. I f  w e  u se  t h e  v a l u e s  i n  Case V and look  

a t  t h e  B r i l l o u i n  diagram f o r  an t i symmet r i c  E (F ig .  161, 

i t  would seem t h a t  i t  shou ld  be p o s s i b l e  t o  a l s o  measure 
Y 

t h e  d i p o l e  mode co r re spond ing  t o  o u r  lowes t  o r d e r  a n t i -  

symmetric mode * 

F i n a l l y ,  w e  w i sh  t o  examine t h e  i n f l u e n c e  o f '  

c o l l i s i o n a l  and Landau damping which s o  f a r  have been 

n e g l e c t e d .  I n  o r d e r  t o  i n c l u d e  t h e  e f f e c t s  of c o l l i s i o n s  

i n  o u r  p r e v i o u s l y  o b t a i n e d  d i s p e r s i o n  r e l a t i o n s ,  w e  l e t  

2 
w = w ( w  - i v >  

and 

where v is t h e  e l e c t r o n - n e u t r a l  c o l l i s i o n  f requency  f o r  

momentum t r a n s f e r  and PR and PI are t h e  r e s p e c t i v e  r e a l  

and imaginary p a r t s  of  t h e  l o n g i t u d i n a l  p ropaga t ion  c o n s t a n t .  

For  r e a s o n  of s i m p l i f i c a t i o n ,  w e  w i l l  u s e  t h e  h e u r i s t i c  

approximat ion  f o r  symmetric E t o  s t u d y  t h e  c o l l i s i o n a l  

damping o f  i o n  waves. Assuming 
Y 
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and s u b s t i t u t i n g  t h e  above e q u a t i o n s  i n t o  t h i s  

approx ima t ion ,  w e  g e t  t h e  f o l l o w i n g  two e q u a t i o n s :  

l.) R e a l  p a r t  

W 
P i  

2 . )  Imaginary p a r t  

(38) 
2 - -  V U  2 - p  P 

R I D e  
P i  

c3 

From these two e q u a t i o n s ,  w e  o b t a i n  t h e  fo l lowing :  

Using t h e  e x p e r i m e n t a l  v a l u e s  f o r  a ,  W ,  w ./a and v 

measured by L i t t l e  and Jones’, w e  see t h a t  PI/@, g e t s  

l a r g e r  when w is made smaller (F ig .  1 7 ) .  Thus,  t h e r e  is 

some low f r equency  c u t o f f  below which t h e  i o n  body waves 

and s u r f a c e  wave (n = 0) w i l l  be s i g n i f i c a n t l y  damped by 

P l  Pe’ 

c o l l i s i o n s .  I t  a l s o  shou ld  be no ted  t h a t  f o r  low 

f r e q u e n c i e s ,  t h e  wave damping becomes more dominant a s  n 
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9 is i n c r e a s e d .  T h i s  would e x p l a i n  why L i t t l e  and J o n e s  

were o n l y  a b l e  t o  measure t h e  lowest o r d e r  i o n  body wave. 

Fo r  w s u f f i c i e n t l y  l a r g e ,  p,/pR a s y m p t o t i c a l l y  a p p r o a c h e s  

t h e  e q u a t i o n  

and t h e  c o l l i s i o n a l  damping becomes i n s i g n i f i c a n t .  I f  w e  

examine F i g .  15 a t  t h e s e  f r e q u e n c i e s ,  however, w e  see t h a t  

t h e  d i f f e r e n t  body wave harmonics  a r e  bunched t o g e t h e r  and 

s o  d i s t i n g u i s h i n g  be tween  them would be d i f f i c u l t .  

I t  is w e l l  known t h a t  Landau damping o f  e l e c t r o n  waves 

is n e g l i g i b l e  when pXDe << 1. 

Primack , Landau damping of i o n  waves is n e g l i g i b l e  when 

@IDi << 1. 

p a r a m e t e r s  Y and X ,  w e  have t h a t :  

As shown by Klevans and 
1 6  

W r i t i n g  t h e s e  i n e q u a l i t i e s  i n  t e r m s  o f  ou r  

1 .1  

201 

The 

i o n  wave Landau damping is n e g l i g i b l e  when 

Te c x < < -  - 
Ti W 

e l e c t r o n  wave Landau damping is n e g l i g i b l e  when 

C x << - 
W 

above i n e q u a l i t y  f o r  i o n  waves h e l p s  t o  e x p l a i n  why 
9 i t  would be d i f f i c u l t  f o r  L i t t l e  and J o n e s  t o  measure 

f i e l d  q u a n t i t i e s  n e a r  t h e  i o n  plasma f r e q u e n c y '  



5 SUMMARY 

The f i e l d  s o l u t i o n s  and d i s p e r s i o n  r e l a t i o n s ,  

assuming b o t h  symmetric and an t i symmet r i c  l o n g i t u d i n a l  

e lectr ic  f i e l d  componentsp have been de termined  f o r  t h e  

s l a b  c o n f i g u r a t i o n  i n  F i g ,  1. A t w o  f l u i d  model w i t h  a 

s c a l a r  p r e s s u r e  t e r m  was used t o  t a k e  i n t o  account  t h e  

e f f e c t s  of  i o n s  and e l e c t r o n s .  The dependence of  t h e  

s y m m e t r i c  and an t i symmet r i c  d i s p e r s i o n  r e l a t i o n s  on 

e l e c t r o n  t e m p e r a t u r e ,  s l a b  t h i c k n e s s ,  and waveguide 

p i  w id th  h a s  been d i s c u s s e d  fi t h i s  r e p o r t .  For o < (a9 

an i n t e r e s t i n g  c o u p l i n g  phenomena between t h e  d i f f e r e n t  

i o n  body waves was found t o  occur  f o r  wave numbers n e a r  

t h e  l i g h t  l i n e .  U n f o r t u n a t e l y ,  t h e  p o s s i b i l i t y  of 

measuring such  b e h a v i o r  is poor  s i n c e  c o l l i s i o n a l  

damping dominates  a t  these f r e q u e n c i e s .  

Approximate d i s p e r s i o n  e q u a t i o n s  were o b t a i n e d  b y  

u s i n g  a h e u r i s t i c  argument and t h e  q u a s i s t a t i c  approximat ion .  

The h e u r i s t i c  approximat ion  g i v e s  a f a i r l y  a c c u r a t e  

r e p r e s e n t a t i o n  of  t h e  i o n  body waves and t h e  Pow f requency  

p o r t i o n  of t h e  i o n  s u r f a c e  wave. The advantage  of  this 

approximat ion  is t h a t  w e  have a s i m p l i f i e d  e x p r e s s i o n  t o  

work w i t h  when s t u d y i n g  such  phenomena a s  c o l l i s i o n a l  

wave damping. The agreement between t h e  q u a s i s t a t i c  and 

r i g o r o u s  r e s u l t s  was found t o  be q u i t e  good f o r  s m a l l e r  

s l a b  t h i c k n e s s e s  and waveguide w i d t h s ,  I t  t h u s  serves a s  

a u s e f u l  and v a l i d  approximat ion  i n  many p h p s i c a l  
problems 1 4 , 1 5  
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F i n a l l y ,  o u r  lowest order i o n  body wave f o r  

symmetr ic  E w a s  found t o  a g r e e  f a v o r a b l y  w i t h  e x p e r i m e n t a l  

da t a  measured by L i t t l e  and Jones' i n  a c y l i n d r P c a 1  

geometry 

Y 

S i n c e  e x p e r i m e n t s  are a c t u a l l y  performed i n  inhomo- 

geneous p lasmas ,  a s i g n i f i c a n t  e x t e n s i o n  of t h i s  r e p o r t  

would be a s t u d y  of  i o n  waves p r o p a g a t i n g  i n  a n  inhomo- 

geneous plasma.  T h i s  work would r e p r e s e n t  a n  e x t e n s i o n  

of Crawford and T a t a r o n i s  '14 a n a l y s i s  on e l e c t r o n  waves 

t o  i n c l u d e  i o n s  and i o n  waves,  Another  re la ted t o p i c  

would be t h e  i n v e s t i g a t i o n  of t h e  d i p o l e  i o n  mode i n  a 

plasma c y l i n d e r .  The c i r c u l a r l y  symmetr ic  mode has been  

t r e a t e d  by Andersson and Weis sg la s  e I t  would be 

i n t e r e s t i n g  t o  see what s i m i l a r i t i e s  e x i s t  between t h e  

d i p o l e  mode and t h e  an t i symmet r i c  mode i n  o u r  problem. 

1 0  
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APPENDIX A 

LOW FREQUENCY ASYMPTOTIC SURFACE WAVE AND BODY WAVE 

SOLUTIONS (w << wpi) 
It will be assumed in these appendices that K = 1 

5 and mi/me = 10 . 
A. 1 SYMMETRIC Ey 

1.) Cases I and IV--CY = 0.1, c/W = 10 or 10 , b/a = 2 2 3 

Assuming X > Y, the dispersion relation (Eq. 30) 
simplifies to 

1 
Q 2 m cL 

mew I 

2 i rume(x - T \ Y  1 

This equation may be rearranged to the following one which 

is quadratic in Y : 2 

2 
mic -1) + 11 Y4 '7 [a (3i: 
meW 

For the values given above, Eq. A.2may be simplified to 

the following: 

2 
2 b  2 2  meW 

mic 
Y4 - CY (z -1) X Y -I- 7  CY^ ($ -1) X4 S O  ( A . 3 )  
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S o l v i n g  f o r  Y ,  w e  o b t a i n  

2 
4 b  2 "ew 2 b ( a ' - l )  - - 2 02 (a -1) 

m . c  
1 

The body wave s o l u t i o n  is 

and t h e  s u r f a c e  wave s o l u t i o n  is 

(A e 6 )  
w w  

P i  x Y =  

2 2 , )  Case 11--D = 0 . 1 ,  c/W = 10  , b/a = 1 

Assuming t h e  same c o n d i t i o n s  a s  i n  p a r t  1 e x c e p t  t h a t  

b/a = P, Eq. A.2 g i v e s  u s  t h e  f o l l o w i n g :  

m 

m 

2 m . c  
2 
meW e 

i 2 2 ,  0 Y4 - ( - +  1) X Y  1 (A.7) 

Thus, t h e  body wave s o l u t i o n  f o r  v e r y  low f r e q u e n c i e s  is 

w Y = - x  
C 
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2 3.) Case 111--a = 0.1, c/W = 10 , b/a -a 

The simplified dispersion equation for b/a-co is 

2 2  mix Y 
(A .  9) 2 

ame(X - -2 

(X2 - y2)i s - Y2 + 
m.c 

2 Y2> 
meW 

Q! 

If X and Y are very small and are of the same order in 

magnitude, then the left hand side of the equation 

predominates and we get 

Y Z X  ( A .  10) 

which is the body wave solution. If X >> Y, the above 
equation simplifies to 

2 2  m,X Y 
I 

2 + Y2 X % - -  

2 a m.c 

meW 

1 ame(X - 7 Y ) 

i 2 2  m 2 o r  
2 m.c 

meW me 

2 2 1 (ax -Y)(X - ' T Y ) =  - X Y  ( A .  11) 

Since X and Y are assumed small, the lowest ordered terms 

will predominate and give us 

w 
y s w p i  x (A.  12) 

which is the surface wave solution. 
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A ,  2 ANTISYMMETRIC Ey 

4, J 
3 Cases  V I  and IX--a = 0.1,  c / W  = l o2  or  10 , b/a = 2 

Assuming X > Y and Y << w /a g i v e s  us t h e  f o l l o w i n g  
P i  Pe 

s i m p l i f i e d  d i s p e r s i o n  e q u a t i o n :  

m 

m 
( A , 1 3 )  2 a  _I__ b i x2 (a -1) 25 a + cy - (X2 - P 1 

e Y2 

Keeping o n l y  t h e  s i g n i f i c a n t  t e r m s ,  t h e  approximate body 

wave s o l u t i o n  is 

( A  2.4)  

2 
5 , )  Case VII--a = 0,1, c / W  = 10 , b/a = 1 

L e t t i n g  bba = 1 i n  Eq. A.14 w e  see t h a t  t h e r e  is no 

l s w  f requency  body o r  s u r f a c e  wave s o l u t i o n .  

6 , i  Cases V I P 1  and X--a = 0 . 1  o r  1 . 0 ,  c/W = 10 , b/a-coo 2 

The approximate 

t h e  above c o n d i t i o n s  

low f r equency  d i s p e r s i o n  e q u a t i o n  f o r  

is  

i 2  m 2 4  2 (X2 - Y 1 = SUY ( 1  + -x ) 
m e 

( A .  1 5 )  

For  v e r y  s m a l l  v a l u e s  o f  X and Y ,  t h e  l e f t  hand s i d e  o f  

t h i s  e q u a t i o n  predominates  and t h u s  t h e  body wave s o l u t i o n  

is 

Y = X  ( A .  169 
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APPENDIX B 

MIDFREQUENCY APPROXIMATE SURFACE WAVE SOLUTIONS 

<< w << w ) 
( ~ p  i Pe 

B . l  SYMMETRIC E 

1 . )  
Y 

2 Cases  I and I V - - a  = 0 . 1 ,  c/W = 10 

Assuming X > Y ,  t h e  d i s p e r s i o n  e q u a t i o n  s i m p l i f i e s  t o  

or l o3 ,  b/a = 2 

w x2 1 
2 

C Y  a 

or  
+ a $  -1q Y 2 +p -1) + "1 x2 [~ a C 

For t h e  above v a l u e s  of a ,  c/W and b /a ,  t h e  e q u a t i o n  is 

approximate 1 y 

Y E a(, b ! i  -1) x 

2 2 . )  Case 11--a = 0 .1 ,  c/W = 10 , b/a = 1 

When b/a = 1, e q u a t i o n B . 1  g i v e s  u s  t h e  f o l l o w i n g  

s u r f a c e  wave s o l u t i o n :  

2 3.) Case 111--a = 0 . 1 ,  c/W = 10  , b / a - + a  

The approximate d i s p e r s i o n  e q u a t i o n  f o r  t h e  above 

c o n d i t i o n s  is 
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Again for t h i s  c a s e ,  t h e  l e f t  hand s i d e  of  t h e  e q u a t i o n  

predominates  and o u r  s o l u t i o n  for Y is 

Y = X  (B.  5 )  

B 0 2  ANTISYMMETRIC E 

4.) 
Y 

3 Cases VI and IX--a = 0 .1 ,  c / W  = l o2  or 10 b/a = 2 

The approximate d i s p e r s i o n  e q u a t i o n  for t h e  above 

c o n d i t i o n s  is 

2 c u  b wx2 (x2 - Y ) -2’ (;? -1) = a! - -2 Y C Y  

o r  

Y2 %= - a [ C Y @  a -1) + E] x2 
a b  

Thus t h e  s o l u t i o n  f o r  Y is 

1 
Y = ( 1  - x 

2 5 . )  Case VII--a! = 0 . 1 ,  c/W = 10 , b/a = 1 

Equa t ion  B.6 f o r  b/a = 1 g i v e s  u s  t h e  f o l l o w i n g  s u r f a c e  

wave s o l u t i o n :  



- 59 - 

2 6 . )  Cases  VI11 and X - - a =  0 . 1  or  1 . 0 ,  c/W = 1 0  , b/a--tx, 

The d i s p e r s i o n  r e l a t i o n  f o r  t h i s  case s i m p l i f i e s  t o  

Over t h e  p a r t i c u l a r  range  of v a l u e s  w e  a r e  c o n s i d e r i n g ,  t h e  

l e f t  hand s i d e  of t h e  e q u a t i o n  predominates  and t h u s  

Y = X  (B. 3.0) 
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APPENDIX C 

HIGH FREQUENCY ASYMPTOTIC SURFACE WAVE AND BODY WAVE 

SOLUTION (w >> w ) 

The f o l l o w i n g  development is v a l i d  f o r  a l l  c a s e s  
Pe 

s t u d i e d  i n  t h i s  paper .  Assume t h a t  X >> Y and t h a t  X is 

l i n e a r l y  r e l a t e d  t o  Y. Then e i the r  t h e  symmetric or 

ant i symmetr ic  d i s p e r s i o n  e q u a t i o n  f o r  l a r g e  Y may be 

approximated a s  f o l l o w s :  

xr  2 

Rearranging  t h i s  e q u a t i o n ,  w e  g e t  

Using t h e  above assumption t h a t  Y is l i n e a r  i n  X ,  w e  o b t a i n  

t h e  f o l l o w i n g  h i g h  f r equency  s o l u t i o n  f o r  o u r  d i s p e r s i o n  

e q u a t i o n  : 

y " -  w x  
C 
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APPENDIX D 

DERIVATION OF THE QUASISTATIC DISPERSION EQUATION 

For t h e  q u a s i s t a t i c  approximat ion ,  w e  approximate 

Eq. 7 by t h e  f o l l o w i n g :  

v x  E = 0 (D. 1) 

which i m p l i e s  t h a t  

We s h a l l  begin  by s o l v i n g  f o r  t h e  f i e l d  s o l u t i o n s  i n s i d e  

t h e  plasma (0 < - x < a ) .  I f  we make t h e  same assumptions 

t h a t  were used i n  deve lop ing  t h e  f i e l d  s o l u t i o n s  from t h e  

f u l l  se t  of Maxwell 's  e q u a t i o n s ,  t a k i n g  t h e  d ive rgence  

and d / d t  of E q .  8 g i v e s  u s  

Using E q s .  2,4, and 5 t o  s o l v e  f o r  nea  w e  o b t a i n  

- E €  o +  2 
e 

V ( V -  E) + E V *  E n = - -  
e 

Thus, Eq .  D.3 may be w r i t t e n  a s  
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- 
I f  w e  now l e t  E -m - O B  and assume t h a t  E 

t h e  s o l u t i o n  f o r  P, is 

is symmetr ic ,  
Y 

81 =: A cosh  px + B cosh  y2x 

which g i v e s  u s  

E = i P ( A  cosh px + B cosh  y2x) 
Y 

Ex = -PA s i n h  px - y2B s i n h  y2x 

To write HZ i n  t e r m s  of  E, w e  u s e  E q s .  3 , 4 , 8 ,  and D,4 t o  

o b t a i n  t h e  f o l l o w i n g :  

Using E q s .  D.7 and D - 8 ,  t h e  s o l u t i o n  f o r  H is 
z 

HZ = A W E ~ E  s i n h  px (b. 10) 

To o b t a i n  t h e  f i e l d  s o l u t i o n s  i n s i d e  t h e  d i e l e c t r i c  

( a  < x < b), s o l v i n g  E q s .  5 and D.1s imul taneous ly  g i v e s  u s  

E = C cosh  px + D s g n x s i n h  px (Do 11) Y 

Ex t= iC s i n h  px +- i D  sgnx  c o s h  px (D, 12) 
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From Eqn. 8 ,  t h e  s o l u t i o n  f o r  HZ is 

i o e o K  
= -  (C s i n h  px + D sgnx cosh  px) (D.13) 

P HZ 

Using t h e  boundary c o n d i t i o n s  g iven  by E q s .  24 t o  27 

and t h e  above f i e l d  s o l u t i o n s ,  t h e  d i s p e r s i o n  e q u a t i o n  f o r  

a symmetric E component is 
Y 

2 
E - A c o t h  y2a - t a n h  p(a-b) = c o t h  pa 
K 2 

(D. 14 )  a y z e +  

I t  shou ld  be mentioned t h a t  t h e  same r e s u l t s  c o u l d  have 

been o b t a i n e d  from o u r  p r e v i o u s l y  de te rmined  d i s p e r s i o n  

e q u a t i o n  (Eq. 2 8 )  f o r  symmetric E 

e q u a l  t o  p. 

by s e t t i n g  6 and y1 
Y 

A s i m i l a r  p rocedure  a s  j u s t  o u t l i n e d  w i l l  g i v e  the  

f o l l o w i n g  q u a s i s t a t i c  d i s p e r s i o n  e q u a t i o n  f o r  an t i symmetr ic  

Ey:  

5 t a n h  p(a-b) = t a n h  pa - ;+ -f?-- t a n h  y2a 
K y 2 4 +  

(Do 15) 


